Abstract. Generalizing Cox, Ingersoll, and Ross (1979) , this paper defines the stochastic duration of a bond in a general multi-factor diffusion model as the time to maturity of the zero-coupon bond with the same relative volatility as the bond. Important general properties of the stochastic duration measure are derived analytically, and the stochastic duration is studied in detail in various well-known models. It is also demonstrated by analytical arguments and numerical examples that the price of a European option on a coupon bond (and, hence, of a European swaption) can be approximated very accurately by a multiple of the price of a European option on a zero-coupon bond with a time to maturity equal to the stochastic duration of the coupon bond.
To quantify the interest rate risk of portfolios of bonds and other term structure derivatives various duration concepts have been suggested in the literature with the socalled Macaulay duration and Fisher-Weil duration as the two prevalent measures. However, as discussed by Ingersoll, Skelton, and Weil (1978) and Cox, Ingersoll, and Ross (1979) , these measures are not consistent with any reasonable, arbitrage-free dynamic model of the term structure of interest rates. For a general dynamic model with the short-term interest rate as the only state variable, Cox, Ingersoll, and Ross (1979) define a stochastic duration concept which they argue is a superior measure of basis risk, i.e. the relative change in the price of a bond due to an unexpected change in the short rate.
In this paper, I generalize the concept to multi-factor diffusion models by defining the stochastic duration of a coupon bond as the time to maturity of the zero-coupon bond having the same relative volatility as the coupon bond. I derive some important properties of the stochastic duration measure analytically. For example, I show that under conditions satisfied by most popular term structure models the familiar Fisher-Weil duration overestimates the interest rate risk of coupon bonds. The stochastic duration measure is studied in detail in the one-factor models of Vasicek (1977) , Cox, Ingersoll, and Ross (1985) , and Hull and White (1990) , the two-factor model of Longstaff and Schwartz (1992) , and in various models of the HJM-class introduced by Heath, Jarrow, and Morton (1992) .
Stochastic duration has an interesting application in option pricing. Wei (1997) shows by numerical examples that in the Vasicek and CIR one-factor models the price of a European coupon bond option is very closely approximated by a multiple of the price of a European option on the zero-coupon bond having a time to maturity equal to the stochastic duration of the coupon bond. Closed-form solutions for the prices of European coupon bond options do exist in these models, cf. Jamshidian (1989) and Longstaff (1993) , but the approximate price is faster to compute. Since a European swaption is equivalent to a European coupon bond option, fast computation of such prices is of great importance to the financial industry. 1 I show by numerical examples and an analytical argument that the approximation using my generalization of stochastic duration is also very precise in multi-factor models. The approximation is intuitively appealing since the zero-coupon bond involved is the one with the same relative volatility as the coupon bond. In many multi-factor models there is a closed-form expression for the price of European zero-coupon bond options, but none for European coupon bond options, so the alternative is pricing by numerical methods. The use of multi-factor models is of great importance for pricing coupon bond options and swaptions since these assets depend on the variances and the correlations of various forward rates and it is well-known that one-factor models are unable to match the observed non-perfect correlation structure of forward rates.
I continue in Section 1 with the general definition of stochastic duration in any diffusiontype continuous-time model of the term structure of interest rates. I also state and prove some important properties of the stochastic duration measure. In Section 2, I study the stochastic duration measure in detail in various popular term-structure models. The coupon bond option pricing approximation is examined in Section 3. Finally, Section 4 summarizes the paper and discusses the applicability of stochastic duration for interest rate risk management.
Stochastic Duration: Definition and Properties

The Stochastic Duration Measure
Consider a model of the term structure of interest rates where the evolution of the bond prices is affected by changes in K independent standard Brownian motions W 1 , . . . , W K . To be precise, assume that, for any T > 0, the price of the zero-coupon bond maturing at time T evolves according to the equation
d P(t, T ) = P(t, T ) µ(t, T, t ) dt
for some drift function µ and some functions ν 1 , . . . , ν K with ν k (T, T, T ) = 0 for all k and all T . 2 I will refer to the functions ν k as the factor sensitivities of the model. The t term in µ and the ν k 's represents all those values of interest rates at and before time t, which are relevant for the evolution of bond prices immediately after time t. The formulation (1) therefore encompasses both standard Markov term structure models and non-Markov models of, e.g., the HJM-class.
Consider a coupon bond (or, more generally, any asset with a stream of predetermined payments) paying x i units of accounts at time t i , i = 1, 2, . . . , N , where t 1 < . . . < t n . Ruling out obvious arbitrage, the price of this bond at any time t < t 1 is given by B(t) = n i=1 x i P(t, t i ). A simple application of Itô's Lemma yields that
where I have introduced the weights
which are non-negative and sum to one.
3
I define the stochastic duration D(t) of the coupon bond as the time to maturity of the zero-coupon bond having the same relative volatility as the coupon bond, i.e. the same instantaneous variance of relative price changes. More formally, D(t) is given by
In the next subsection, I shall state conditions under which the stochastic duration measure is well-defined and derive some important general properties of the measure. In Section 2.1 it is shown that the above definition of stochastic duration indeed is a generalization of that in Cox, Ingersoll, and Ross (1979) . Among the many proposed one-dimensional risk measures, the stochastic duration, as I have defined it above, has some notable qualities. Firstly, it is consistent with an arbitragefree dynamic model of the term structure and measures the price sensitivity with respect to any change of the term structure within the model. 4 Secondly, it is directly linked to the volatility of relative prices, a familiar concept in the option pricing industry. Thirdly, it is measured in units of time as traditional duration measures. Fourthly, it measures only the unexpected changes in prices. Fifthly, it is easily computable for standard term structure models as will be shown in the following section. Finally, the stochastic duration is the key number to implement the accurate coupon bond option pricing approximation technique discussed in Section 3. The applicability of stochastic duration for hedging purposes is discussed in Section 4.
General Properties of Stochastic Duration
A priori, it is not certain that there is a solution D(t) to (2) and, if so, whether it is unique. Before I address this important question, note the following result, which can easily be proven by an application of the chain rule. (t, T, t ) 2 is decreasing in T .
It is now rather simple to show that when the factor sensitivities ν k are either uniformly increasing or uniformly decreasing, a unique solution to (2) exists. Furthermore, the solution lies between the time to the next payment of the bond and the time to maturity of the bond. Indeed, the stochastic duration can, as both Macaulay and Fisher-Weil duration, be interpreted as a (very complex) weighted average of the time distances to the payment dates.
Theorem 1 If the factor sensitivities ν k (t, T, t ) are all either increasing or decreasing in T , a unique solution D(t) to (2) exists and t
From this observation and Lemma 1, the claim immediately follows.
Recall that the Fisher-Weil duration measure is defined by
The next theorem shows that for models with linear factor sensitivities, i.e.
for some maturity-independent function b k , the Fisher-Weil duration and the stochastic duration are identical. As will be discussed in Section 2, the condition of the theorem is satisfied, e.g., for a one-factor model with a deterministic short rate drift and volatility and in any HJM model with maturity-independent forward-rate volatilities. Proof: Linear factor sensitivities imply that
and hence that
The left-hand side of this expression equals
For a one-factor model where the factor sensitivity has the same sign for all maturities, it is clear that (5) implies (4), and therefore the converse to Theorem 2 holds: If the stochastic duration and Fisher-Weil duration are identical for all bonds, the factor sensitivity must be linear. For multi-factor models, (5) will only imply (4) under stronger conditions on the factor sensitivity. Let us study the implications of linear factor sensitivity for yield curve movements. Equation (1) and Itô's Lemma imply that the (continuously compounded) yield y(t, T ) = −(ln P(t, T ))/(T − t) on the zero-coupon bond maturing at time T has dynamics
With factor sensitivities of the form (3), this simplifies to
Hence, the unexpected changes in the zero-coupon yields are maturity-independent, but since the expected changes can, in general, be maturity-dependent, the yield curve movements need not be parallel (cf. Example 1). Therefore, the Fisher-Weil duration can be a relevant measure of interest rate risk even when the yield curve does not move in parallel shifts. At first sight, this may seem to contradict the traditional perception that Fisher-Weil duration should only be used for parallel yield curve shifts. But, as shown by Ingersoll, Skelton, and Weil (1978) , the precise relation is that the percentage change in the bond price is proportional to the Fisher-Weil duration of the bond, if and only if the yield curve can only move by parallel shifts. The percentage price change has both an expected part (stemming from the drift) and an unexpected part (stemming from the volatilities), whereas the risk measures I focus on in this paper only quantify the unexpected part.
The next theorem provides conditions on the factor sensitivities under which the stochastic duration is smaller or greater, respectively, than the Fisher-Weil duration. 
This equation is equivalent to
Considering Lemma 1, the claim follows. The other cases are handled similarly.
As discussed in Section 2, traditional formulations of many popular models display negative, convexly decreasing factor sensitivities. Hence, the Fisher-Weil duration overestimates the bond price sensitivity to term structure changes in those models. Next, consider the stochastic duration of a portfolio of bonds. Let M be the number of different bonds in the portfolio, let t 1 , . . . , t n be the payment dates of the portfolio, and let x mi be the total payment from the holdings of bond m = 1, . . . , M at date t i , i = 1, . . . , n. The value of the holdings of bond m is B m (t) = i x mi P(t, t i ), and the total value of the portfolio is
The value of the holdings of bond m constitutes the fraction z m (t) = B m (t)/V (t) of the total value of the portfolio. Let D m (t) denote the stochastic duration of bond m.
Theorem 4 In a one-factor model where the factor sensitivity is either convexly decreasing or concavely increasing (in T ), the stochastic duration D V (t) of a portfolio of bonds is smaller than the value-weighted average of the stochastic durations of the bonds in the portfolio
The converse relation holds if the factor sensitivity is either concavely decreasing or convexly increasing.
Proof:
The stochastic duration D V (t) of the portfolio is given by
is decreasing, Equation (6) follows. The other cases are handled similarly.
In the next section it is shown that the factor sensitivity in the Vasicek model, the Hull-White model, and (for reasonable parameter values) in the CIR model is convexly decreasing in T . In those models, therefore, the stochastic duration of a portfolio of bonds is smaller than the value-weighted average of the stochastic durations of the bonds in the portfolio. This is not reflecting some kind of diversification effect, since the prices of all bonds are instantaneously perfectly correlated in one-factor models, and, hence, the volatility of a portfolio equals the value-weighted average of the volatilities of the bonds in the portfolio. It is the mapping of the volatility to time through the non-linear function τ → ν(t, t +τ, t ), which causes the non-linearity of the stochastic duration. A diversification effect is present for multi-factor models, so the instantaneous variance of a portfolio of bonds,
is smaller than the value-weighted average of the instantaneous variances of the bonds in the portfolio,
This follows immediately from Jensen's Inequality. By definition of the stochastic durations
2 is concave, I get by Jensen's Inequality that
2 is increasing the inequality (6) follows. While for most models the function τ →
is generally not concave (nor convex) for all positive τ . Therefore, a relation like (6) is not generally valid in multi-factor models.
Another possible generalization of stochastic duration to multi-factor settings is to define a duration measure for each factor analogously to the stochastic duration in a one-factor model. Define the k'th factor duration as D (k) (t) , where
i.e. D (k) (t) is the maturity of the zero-coupon bond having the same relative price sensitivity to changes in the k'th Wiener process as the coupon bond. Obviously, each of the factor duration measures D (k) (t) satisfies the results of Theorem 1-4. The next result shows that the stochastic duration is a complex average of the factor durations. See also Section 4 for further discussion of factor durations.
Theorem 5 If the factor sensitivities ν k are all either increasing or decreasing and of the same sign, then the stochastic duration is a complex average of the factor durations
D (1) (t), . . . , D (K ) (t). In particular, min k=1,...,K D (k) (t) ≤ D(t) ≤ max k=1,...,K D (k) (t).
Proof:
The claim follows from Lemma 1 and the fact that the stochastic duration D(t) satisfies
Stochastic Duration in Well-Known Term Structure Models
One-Factor Short Rate Models
In traditional one-factor models the movements of the entire term structure are governed by the (continuously compounded) short-term interest rate, r (·), which evolves according to a stochastic differential equation
The market price of r -risk is a function λ(t, r ), such that the risk-adjusted short rate drift ism(t, r ) = m(t, r ) − λ(t, r )σ (t, r ). The price of a zero-coupon bond is a function P(t, T, r ) of the short rate and, by Itô's Lemma, the relative volatility (and factor sensitivity) is
P(t, T, r ) σ (t, r ).
The stochastic duration of a coupon bond is then given by the number D(t), which solves the equation
B(t) .
In the class of affine one-factor models of the term structure, which includes both the Vasicek (1977) model, the White (1990, 1995) model, and the Cox, Ingersoll, and Ross (1985) square-root model, the zero-coupon bond price is of the form P(t, T, r ) = exp {a(t, T ) + b * (t, T )r } for some continuously differentiable functions a and b * , cf. Duffie (1996, Chapter 7). Hence, the stochastic duration is the solution to
is well-defined and invertible, then
Example 1.
In the continuous-time version of the Ho and Lee (1986) model, wherẽ m(t, r ) =m(t) and σ (t, r ) = σ (t), the bond price is of the exponential-affine form with b
* (t, T ) = −(T − t). According to Theorem 2, D(t) = D FW (t).
The unexpected changes in all zero yields are identical. Only for constant coefficients are the expected, and hence the total, changes identical, and in that case the only possible shifts in the term structure are parallel shifts.
Example 2. In the Hull-White (extended-Vasicek) model, wherem(t, r ) = κ[θ(t) − r ] and σ (t, r ) = σ for positive constants κ and σ , the bond price volatility is ν (t, T, t 
, and therefore
The stochastic duration for the original Vasicek model (θ(t) constant) is also given by (8), since the b(·) function is the same in the Vasicek model as in the Hull-White model.
Example 3. In the CIR square-root model, wherem(t, r ) = κθ − (κ + λ)r and σ (t, r ) = σ √ r for positive constants κ, θ and σ , the b(·) function is given by
where β = κ + λ, γ = β 2 + 2σ 2 , and λ is the market price of risk parameter. A straightforward, but lengthy, computation shows that b (τ ) < 0, and that
it follows that
The Longstaff-Schwartz Model
Longstaff and Schwartz (1992) consider a two-factor CIR-type model with the short rate r and the instantaneous variance V of the short rate as the two term structure generating variables. Let us write
where W 1 and W 2 are independent Brownian motions, and the drift terms are
The parameters α, β, γ , δ, η, and ξ are all positive. The zero-coupon bond price is of the form
,
The market price of risk parameter λ (and hence ε) can be negative.
6 By Itô's Lemma, the dynamics of the zero-coupon bond price
where the factor sensitivities can be written as
Obviously, ν 1 and ν 2 are negative for all T . By straightforward, but lengthy, computations it can be shown that ν 1 and ν 2 are decreasing in T , and ν 1 is convex for all T > t. Furthermore, ν 2 is convex for all T > t, if ε > 0, whereas if ε < 0, ν 2 is concave for T ∈ (t, t + τ * ) and convex for T ∈ (t + τ * , ∞), where τ
). In the case ε > 0, it follows from Theorem 3 that D(t) ≤ D FW (t) for all bonds.
The instantaneous variance of relative changes in the zero-coupon bond price is
Similarly, the instantaneous variance of relative changes in the price of a coupon bond is
where
Therefore, the stochastic duration of the coupon bond is given by the solution D(t) to the equation
The equation has to be solved numerically.
The factor durations D (1) (t) and D (2) (t) are given by Equation (7) which using (11)-(12) yields
For large values of ψ, the term (e ψτ − 1)b(τ ) approaches its asymptotic value (for τ → ∞) 2ψ/(ε + ψ) very fast. 7 In that case, K b will (except for very short bonds) be very close to 2ψ/(ε + ψ), and the last term of the sum in (13) will be very close to zero (except for very small values of D(t)). Therefore, the stochastic duration D(t) will be very close to the first factor duration D
(1) (t), which is given above in closed-form.
The Heath-Jarrow-Morton Models
In the Heath, Jarrow, and Morton (1992) class of models, the prevailing term structure is taken as given and it is assumed that, for each T , the T -maturity instantaneous forward rate f (t, T ) evolves according to
whereW 1 , . . . ,W K are independent Wiener processes under the equivalent martingale measure, and m is given by the drift restriction
From the relation P(t, T ) = exp − T t f (t, u) du and (14), it follows that
and that the factor sensitivities ν k are given by
Therefore, the stochastic duration D(t) of the coupon bond is the solution to the equation
For one-factor models, this can be simplified to
If the forward rate volatilities are all uniformly of the same sign, it follows from Theorem 1 that there is a unique solution D(t) to (18). If the forward rate volatilities are all maturityindependent, i.e. σ k (t, T, t ) = σ k (t, t ), the bond price volatilities ν k (t, T, t ) are all linear in T . It then follows from Theorem 2 that the stochastic duration equals the FisherWeil duration. This is, e.g., the case in the one-factor model, where σ (t, T, t ) = σ , which is equivalent to the Ho-Lee model of Example 1. If the forward rate volatilities σ k (t, T, t ) are all positive and decreasing in T , Equation (17) implies that all the bond price volatilities ν k (t, T, t ) are negative, decreasing, and convex in T . Hence, it follows from Theorem 3 that the stochastic duration is smaller than the Fisher-Weil duration. This is, e.g., the case in the one-factor model where σ (t, T, t ) = σ e −κ [T −t] , which is equivalent to the Hull-White model of Example 2.
Example 4. Heath, Jarrow, and Morton (1992) and Brenner and Jarrow (1993) study the two-factor model with σ 1 (t, T, t ) = σ 1 and σ 2 (t, T, t ) = σ 2 e −κ[T −t] , where σ 1 , σ 2 , and κ are positive constants.
Again, D(t) ≤ D FW (t). From (18) the stochastic duration is the solution D(t) to the equation
The equation has to be solved by numerical methods.
Example 5. Ritchken and Sankarasubramanian (1995) study a one-factor model with the forward rate volatility given by
where κ is some deterministic function. Note that σ (t, t, t ) is the volatility of the short rate, and that this volatility is allowed to depend on both present and past interest rates. Ritchken and Sankarasubramanian show that the entire past-dependency can be captured by a single variable
the accumulated forward rate variance. If, furthermore, the short rate volatility σ (t, t, t ) can be written as a function of (at most) t, r (t), and ϕ(t), the term structure can be represented by the two-state Markov process (r, ϕ). In this setting, the factor sensitivity becomes
If σ (t, t, t ) is positive, the factor sensitivity is negative and decreasing in T . If, furthermore, κ(·) is positive, the factor sensitivity is convex, and Theorem 3 implies that
D(t) ≤ D FW (t). The stochastic duration D(t) is the solution of the equation
In particular, when κ(x) is identically equal to some constant κ, the solution is
which is identical to the stochastic duration in the much simpler Hull-White model, cf. (8).
Stochastic Duration Based Approximate Coupon Bond Option Pricing
The General Idea of the Approximation
In a one-factor framework, Wei (1997) suggests that the price of a European call option on a coupon bond can be approximated by a multiple of the price of a European call option on a zero-coupon bond with a time to maturity equal to the stochastic duration of the coupon bond. Let C(t; t * , T, X ) be the time t price of a European call option maturing at time t * , written on a zero-coupon bond paying one dollar at time T , and having an exercise price of X . Also, let C B (t; t * , X ) be the time t price of a European call option maturing at t * , written on a coupon bond and having an exercise price X . The payoff, and hence the price of the coupon bond option, does not depend on the payments of the coupon bond before the exercise date of the option. Assume that the coupon bond has payments x i at time t i > t * , i = 1, . . . , n. Let B(t) denote the time t value of these payments, i.e.
B(t) = n i=1 x i P(t, t i ). Wei's approximation can then be stated as
where D(t) is the stochastic duration of the bond payments after expiration of the option, and ζ = B
(t)/P(t, t + D(t)).
Wei does not provide any analytical justification for his suggested approximation, but he shows by numerical examples that the approximation is very precise in the one-factor models of Vasicek (1977) and Cox, Ingersoll, and Ross (1985) . Also, he claims that for K -factor models a coupon bond must be approximated by a portfolio of K zero-coupon bonds. I will demonstrate that, with my general definition of stochastic duration, the approximation (19) is also very efficient for multi-factor models. Only one zero-coupon bond is involved in the approximation.
First, I will study the approximation analytically. Under the T -forward measure Q T , all price processes relative to P(·, T ) are martingales. Hence, the error in the approximation is
(t) P(t, T ) C t; t * , T, P(t, T )X/B(t) = P(t, T )E
Q T t max(B(t * ) − X, 0) P(t * , T ) −
B(t) P(t, T ) P(t, T )E
Q T t max (P(t * , T ) − X P(t, T )/B(t), 0)
Note that
and
For deep-in-the-money calls, both maximum terms yield the first argument with a probability close to one, so (20) implies that the absolute pricing errors should be close to zero. For deep-out-of-the-money calls, both maximum terms are zero with a probability close to one, so again the absolute pricing errors (as well as the prices themselves) should be negligible. The errors arise because of the intermediary realizations where one, but not both, of the maximum terms is non-zero. This is the case when B(t * ) and P(t * , T ) are such that
X/P(t * , T ) ends up between B(t * )/P(t * , T ) and B(t)/P(t, T ).
As (20) and (21) suggest, this is important for (forward) near-the-money calls, for which the absolute pricing errors therefore should be largest.
Note that the considerations above hold for all values of T . To reduce the probability of ending up in the intermediary case, the maturity T can be chosen such that B(t * )/B(t) tends to stay near P(t
* , T )/P(t, T ). One could consider choosing T as to minimize the variance Var
, but because of the complexity of the expressions for P(t * , T ) and, especially, B(t * ) this seems impracticable. Alternatively, one can choose T such that the relative changes in B(t) and P(t, T ) over the next infinitesimal interval are, in some sense, close. This is achieved by taking T = t + D(t), where D(t) is the stochastic duration of the payments of the coupon bond after expiration of the option.
Another promising candidate for T is
and a minimum variance duration measure of the coupon bond B(t) can be defined as
the standard deviation of d B(t)/B(t), σ T the standard deviation of d P(t, T )/P(t, T ), and ρ B,T the correlation between these relative price changes, T
* satisfies the equation
assuming sufficient differentiability. For one-factor models, ρ B,T = 1, and if σ T is monotone the equation reduces to σ T = σ B . Since this is the equation defining stochastic duration, it follows that D mv (t) = D(t) for all bonds in one-factor models. In multi-factor models the two measures are generally not equal, but numerical experiments indicate that for most parameter combinations (including the most realistic combinations), they are very close to each other. This is because ρ B,T typically is close to one and is rather insensitive to T . In the numerical two-factor examples presented below, there is therefore no clear difference in the quality of the approximation (19) using stochastic duration and that using minimum variance duration. For parameter combinations where the two duration measures differ significantly, the approximation using my definition of stochastic duration remains very precise, whereas the approximation using the minimum variance duration becomes less accurate. Next, I will discuss the usefulness of the approximation. From Jamshidian (1989) and Longstaff (1993) it is known that in the Vasicek, the Hull-White, and the CIR model, the exact price of the European coupon bond call option is given in closed-form as C B (t; t
, and r * is the solution to the equation
As noted by Hull and White (1993) , the same analysis holds for one-factor HJM models with a constant or exponentially decaying forward rate volatility. Hence, to compute the exact price, one equation in one unknown must be solved (numerically) and n zero-coupon bond call option prices must be computed. The approximate price follows from a single zero-coupon bond option price and is, therefore, much faster computed than the exact price.
In many of the proposed multi-factor term structure models there is a closed-form expression for the price for a European zero-coupon bond option, but not for the price of a European coupon bond option. In these models, an approximation like (19), if sufficiently accurate, is even more valuable than in the one-factor models, since the alternative is to compute the price by numerical techniques, such as finite difference or Monte Carlo methods. Below, I shall examine the performance of the approximation in the two-factor model of Longstaff and Schwartz (1992) , discussed in Section 2.2, and in the two-factor Gaussian HJM-model of Example 4.
The Longstaff-Schwartz Model
In the Longstaff and Schwartz model the price of a European call option on a zero-coupon bond is given by an expression of the form
where is the cumulative distribution function of a bivariate non-central χ 2 -distributed random variable. There is no known closed-form expression for the price of a European call on a coupon bond in this model.
To evaluate the precision of the approximation (19), I compare C app B (t) with a priceC B (t) computed by using Monte Carlo simulations.
8 I have computed the approximate price by simulation using the same sample paths as in the computation of C B (t). I shall compare the simulation pricesC app B (t) andC B (t). Of course, I could have compared the simulated priceC B (t) with the approximate price C app B (t) based on an evaluation of Equation (22), but the latter involves both a numerical integration and the computation of modified Bessel functions.
9 More importantly, a comparison of the two simulated prices (using the same sample paths) filters out potential biases stemming from the use of the simulated coupon bond option priceC B (t), rather than the true, but unknown, coupon bond option price C B (t).
I have implemented the Longstaff-Schwartz model with the parameter values α = 0.01, β = 0.08, γ = 0.1, δ = 0.33, η = 16, ξ = 14, and λ = 0. 10 I consider 2-month and 6-month call options written on a 2-year bond and a 10-year bond, respectively. The bonds pay an annual coupon of 8%. The initial short rate level and short rate volatility are taken to be r = 0.08 and V = 0.002, respectively. Table 1 shows results for the options on the 2-year bond, for a range of exercise prices around the forward at-the-money value of X , i.e.
B(t)/P(t, t * ).
Similar results for the options on the 10-year bond are given in Table 2 . The absolute deviation reported isC app B (t) −C B (t) and the percentage deviation is the absolute deviation divided by the simulated "correct" priceC B (t). The tables also provide the Monte Carlo standard deviation of the simulated difference between the "correct" price and the approximate price.
All the displayed approximate option prices are accurate to the penny, and the percentage deviations are also very small for the option and bond maturities studied. For all options considered the absolute deviation is much smaller than the Monte Carlo standard deviation indicating that the pricing errors are insignificant. As expected, the approximation seems Table 1 . Prices of 2-month and 6-month European call options on a 2-year bond in the Longstaff-Schwartz model. The bond has an annual coupon of 8%, a current price of 89.3400, a 2-month forward price of 91.2042, a 6-month forward price of 95.7687, and a stochastic duration of 1.9086. X denotes the exercise price of the option,C app B (t) is the simulated approximate price, "abs. dev." and "pct. dev." the absolute and percentage difference between the simulated approximate price and the simulated correct price, and "std. dev." is the standard deviation of the Monte Carlo simulated differences between the approximate and the correct price. to work better the shorter the maturity of the option and the shorter the maturity of the underlying bond, but it is very precise even for the 6-month calls on the 10-year bond. The accuracy of the approximation is rather insensitive to the initial values of r and V and the parameter values. The approximation tends to slightly overestimate in-the-money calls and slightly underestimate out-of-the-money calls. Wei (1997) reports similar results for the one-factor models of Vasicek and Cox-Ingersoll-Ross. It can also be seen that, in Table 2 . Prices of 2-month and 6-month European call options on a 10-year bond in the Longstaff-Schwartz model. The bond has an annual coupon of 8%, a current price of 76.9324, a 2-month forward price of 78.5377, a 6-month forward price of 82.4682, and a stochastic duration of 4.8630. X denotes the exercise price of the option, C app B (t) is the simulated approximate price, "abs. dev." and "pct. dev." the absolute and percentage difference between the simulated approximate price and the simulated correct price, and "std. dev." is the standard deviation of the Monte Carlo simulated differences between the approximate and the correct price. accordance with the analysis in the preceding subsection, the absolute deviations are smallest for deep-out-of-and deep-in-the-money options and somewhat higher for near-the-money options. Figure 1 shows the dependency of the absolute deviation of the approximation on the exercise price for different values of the maturity of the zero-coupon bond involved. The graph is for 2-month calls on the 2-year bond, but a similar picture can be drawn for the other options studied above. For deep-out-of-and deep-in-the-money the approximation is very accurate for all zero-coupon bond maturities, but for near-the-money options the accuracy is highly dependent on the maturity. For a maturity equal to the stochastic duration of the underlying bond, in this case D(t) = 1.9086, the absolute pricing error is very close to zero as Table 1 has already indicated. Again these results are consistent with the analytical discussion in Section 3.1.
Finally, note that, with the stated parameter values, the stochastic duration D(t) of the bonds studied above is almost indistinguishable from the first factor duration D
(1) (t) for which an explicit expression is available as discussed in the final paragraph of Section 2.2. This reduces the computation time of the approximate coupon bond option price C app B (t).
A Two-Factor HJM Model
Consider the two-factor HJM model with forward rate volatilities σ 1 (t, T, t ) = σ 1 and σ 2 (t, T, t ) = σ 2 e −κ(T −t) , which was studied in Example 4. For this model specification, Heath, Jarrow, and Morton (1992) found that the price of a European call option on a zero-coupon bond is given by
Again, there is no known closed-form expression for the price of a European call on a coupon bond.
To evaluate the precision of the approximate option price C app B (t), I compare with a priceC B (t) computed by using Monte Carlo simulations. As in the previous section, I also compare the simulated "true" priceC B (t) with a simulated approximate priceC app B (t), computed by using the same sample paths, to filter out possible simulation biases. Details on the simulation approach are given in Appendix A.
For the initial term structure, I take the term structure generated by the CIR squareroot model of Example 3 with a long-term level θ = 0.085, a mean-reversion parameter κ = 0.25, a short rate volatility parameter of σ = 0.05, and a zero market price of risk parameter.
11 The short rate is initialized at 8%. The forward rate volatility parameters are σ 1 = σ 2 = 0.02, and κ = 0.5. Table 3 provides results for 4-month call options on a 5-year bond with an annual coupon of 8%. The approximate price deviates very little from the true price, especially when simulated prices are compared. Again, the absolute difference between the simulated prices is much less than the standard deviation of the simulated differences. I get very similar results for other options and bonds and for other parameter values. Figure 2 displays the effect of different choices of the maturity of the zero-coupon bond involved on the accuracy of the approximation. Again, it is clear that the approximation works well for deep-out-ofand deep-in-the-money no matter what maturity is chosen, but for near-the-money options only a maturity close to the stochastic duration of the underlying bond can achieve a high precision.
Concluding Remarks
Stochastic duration measures the sensitivity of the price of a term structure derivative, such as a bond or a portfolio of bonds, with respect to any change in the term structure consistent with the underlying dynamic model. I have proved some important general properties of stochastic duration, and studied the concept in detail in some popular term structure models, both one-factor and multi-factor models. I have also demonstrated that the price Table 3 . Prices of 4-month European call options on a 5-year bond in the two-factor HJM model. The bond has an annual coupon of 8%, a current price of 97.9788, a forward price of 100.6334, and a stochastic duration of 4.2748. X denotes the exercise price of the option,C B (t) the simulated correct price, C app B (t) the approximate price computed using the closed-form expression (23), andC app B (t) the simulated approximate price. The columns "abs. dev." and "pct. dev." show the absolute and percentage difference between the approximate price and the simulated correct price, and "std. dev." is the standard deviation of the Monte Carlo simulated differences between the approximate and the correct price. of a European option on a coupon bond is very accurately approximated by a multiple of the price of a European option on a zero-coupon bond with a time to maturity equal to the stochastic duration of the coupon bond. While this was a well-known property of some one-factor models, I have extended the idea to multi-factor models, and I have provided analytical arguments explaining the success of the approximation. Typically, duration measures are used for interest rate risk management. It is clear that to obtain a perfect hedge of the model consistent interest rate shocks of a given position, all the factor durations defined in (7) must be matched. Whether or not the simpler strategy of matching stochastic durations will provide a reasonable hedge performance is an open question. The success of the option pricing approximation outlined in Section 3 indicates that stochastic duration matching may produce reasonable hedging results.
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Practitioners often apply key rate duration numbers, as introduced by Ho (1992) , representing price sensitivities with respect to selected points on the yield curve. However, the key rate duration measures are not derived within an arbitrage-free dynamic model of the evolution of the term structure and it is unclear whether they are consistent with any such model. Therefore, key rate durations may be subject to the same criticism as the traditional Macaulay and Fisher-Weil duration measures. and that where U 1 , . . . , U 4 are independent draws from a uniform (0, 1) distribution. I use the random number generator "ran1" described in Press, Teukolsky, Vetterling, and Flannery (1992, p. 280 ) and the antithetic variables technique. The results shown in the text are based on 10000 (pairs of) samples of (U 1 , . . . , U 4 ).
Notes
1. Recall that a European option to enter a pay-float, receive fixed rater swap is equivalent to a European call option on a bond with a coupon ofr and a face value equal to the notional principal of the swap, which also is the exercise price of the coupon bond call. 2. This is to ensure that the bond price end up at par. Furthermore, the size of the factor sensitivities is expected to be increasing in the time to maturity. Therefore, most bond price models display either positive and increasing (in T ) or negative and decreasing factor sensitivities. Traditional formulations of standard interest rate based models result in negative and decreasing factor sensitivities, as will become clear in the following sections. Note that the distributional properties of future bond prices are not affected by the sign of the factor sensitivities ν k . 3. Note that the zero-coupon bond prices P(t, t i ) and, hence, the weights w(t, t i ) will, in general, depend on t , but I will often suppress this dependency. 4. Au and Thurston (1995) define a related duration measure in one-factor HJM models as the relative price change of the coupon bond due to unexpected changes in the short rate. However, it is only in very special models of the HJM class that the movements of the entire term structure are captured by changes in the short rate. 5. In the Gibbons and Ramaswamy (1993) test of the CIR model, the estimated value of β is positive.
6. The parameter ε corresponds to the parameter ν in Longstaff and Schwartz' notation. With their parameter estimates, the term b(τ ) 2η is a very small number, whereas the term exp{κτ } is a very large number. Rewriting the zero-coupon bond price as 8. I apply a simple Euler approximation scheme to (9)-(10) with 100 time steps per year of the time to maturity of the options, enhanced by the antithetic variable technique. The prices reported are based on 10000 (pairs of) sample paths. I use the random number generator "ran1" described in Press, Teukolsky, Vetterling, and Flannery (1992, p. 280) . 9. Once the routine for evaluating the bivariate non-central chi-square cumulative distribution function has been successfully implemented, the computation using (22) is considerably faster than using Monte Carlo simulation, as documented by Chen and Scott (1992) . 10. These parameter values are very close to the estimated values of Longstaff and Schwartz. They estimate α to be approximately −0.04, but since α must be positive, I have taken α to be 0.01. 11. These parameter values are identical to those assumed by Wei (1997) , cf. his Table II. 12. The hedging performance may be improved by also matching a convexity measuring the interest rate risk of the price volatility. While it is simple to define a good convexity measure for short rate models, cf. Wei (1997) , it is not clear how to do it in general, possibly non-Markov, multi-factor models. Applying such a convexity measure in the option pricing approximation should improve the precision to some extent, but it will also eliminate the computational simplicity of the approximate price. Since the approximation based on duration alone is already very precise, I have not investigated this extension further.
P(t, T, r, V ) = a(T − t)
